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Unidirectional fibrous laminates Single ply composite - basic assumptions

@ Plies made of aligned fibers bonded to homogeneous matrix
@ Derivation of local fields

@ Microstructural details are known — FEM analysis assuming RVE
in terms of PUC

e Volume fractions, shape and orientation of inclusions are given only
— Mori-Tanaka method ¢  cw=c'n

\\E/S . Vi \\\
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Unidirectional fibrous laminates First-order shear deformable laminated plate theory

Classical laminated plate theory

Representative volume element Kinematic assumptions
o )
// - Z ]V,r\ :://:///; I,, w}-——{”““"" ety 4

@ Displacement field

ui(x1,x2,X3) = Ui(x1,X2) + Xa2(X1, X2)
Us(X1,X2,X3) = Us(X1,X2) — X3p1(Xq, X2)
Us(x1, X2, x3) = Us(xq,x2)
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Unidirectional fibrous laminates First-order shear deformable laminated plate theory

@ In-plane strains E, = [Ey1, Ezp, E12]"
En, = E%+ xSk
E), = [Uiq, Usp, Ui+ U2,1]T
k = [o12, d21, P11 — ¢2,2}T
@ Out-of-plane strains Es = [Epz, Ey3]"
Es=[Us2—¢1, U1+ ¢2]T
@ Ply constitutive relations in local coordinates

ol = Lip (ch— #) ol =L (e ub)
tm = MAG+ (€%>i ps = (Gi;)i

@ Ply constitutive relations in global coordinates
Sh = Ly (Ep—ih) SL =L (EL - )
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Unidirectional fibrous laminates First-order shear deformable laminated plate theory

@ Global fields in terms of their local counterparts

S = N, SL = N-Ta'é
E, = R, E. = Rl

B = Riph, Al = RTMS
L, = NILLN, L, = NTLIN,

@ Transformation matrices

cos?ty;  sin®yy;  —1sin2y;

RI = (N)'=| siny; cos?y;  Lsin2y,
sin2y; —sin2y; COS 21);

ST @T_ | cosy;  sing

Rj = Ni=| _ siny;  cos;
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Unidirectional fibrous laminates First-order shear deformable laminated plate theory

X3, b h Yl

@ Force and moment resultants E R e
F= [ Smdx3 - / S dxg  m
_4 o
?
SM = /h X3sde3 —Z/ X3s dX3
2
B N Ls
a - [ san=3 [} siax
2 =1 7732
P — ['(3x3) X3laa) 0 ] Q — ['(3x3) (X3 = X3)la3) O
0 0 li2x2) ! 0 0 l2x2)
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Unidirectional fibrous laminates First-order shear deformable laminated plate theory

@ Force and moment resultants in compact form F = [F,SM, Q]"

N ) N %
F = ZL,/ ié PTPdX35+Z/ ié PTdeX3/\,'
i=1 T2 =17 2

N
= LE+) QN = LE+A (A= —Lp)
i=1

A B O T ; i i1T
L = !B D 0|, 5:[59,7, Sk, ES} : A,:[X’,,,,X’M,X’S}
0 0 E

) - 08

A — Z(x§—1— g)L;:ih,L;, B:i( 5 L

xg —x3) ZhL
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Unidirectional fibrous laminates First-order shear deformable laminated plate theory

. AT
@ Ply stresses S; = [Sﬂn, S’s} in terms of laminate fields

N
Si=H,F+> Kjh
=1

@ Ply stress and eigenstress distribution factors

H, = LPM
K,-j = 5,'jP—H,'Qj

N
S = E,'PM? — E,’PM Z éj/\j + QjA;
j=1

@ Stresses in individual phases (fibers, matrix): Micromechanical
models (MT method) combined with transformation field analysis
(TFA)
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Unidirectional fibrous laminates Single ply composite

Local stresses in individual phases

@ Attention limited to two-phase fiber-matrix composites

@ Individual phases are denoted by subscripts p = f, m to identify
fiber (f) and matrix (m) phases
@ The load is assumed in terms of macroscopically uniform stresses
oo < Sj, uniform temperature change Af and piece-wise uniform
eigenstrains p,,
@ Phase stresses in the spirit of TFA
2
p(X) = By(X)a® + by(x)A0 — Z Fon(X)Ly s,
n=1
e B, - stress concentration factor derived, e.g. from the Mori-Tanaka
method [Benveniste (1987)]

e b, - thermal stress concentration factor [Laws (1973)]
e F,, - transformation influence function [Dvorak (1992)]
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Unidirectional fibrous laminates Single ply composite

Two-phase composite

@ thermal stress concentration factors
b,(x) = [I-B,(X)] (Mn—M;)~" (m; — mp)
@ Transformation influence functions
Fom(X) = [1=B,(X)] (Mm — M;)~" Mp,
For(X) = —[1=By(x)] (Mg —M;)~"" M,

@ m, - stores coefficients of thermal expansion of a given phase p
@ M, - phase compliance matrix

@ NOTE: For a general number of phases the transformation
influence functions must be computed numerically using a suitable
RVE
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Unidirectional fibrous laminates Ply field averages in laminates

@ Basic assumptions:

o Attention limited to symmetric laminates, e.g. (0/+45/90),

o Load applied through macroscopically uniform in-plane overall
stresses S = [Si1, Sz, Si2]”, (S < Sp), uniform temperature
change A6 uniform in-plane ply eigenstrains u; = [p11, p2e, mg],T

@ Overall response of composite laminate

S=LE+I1A0+X, E=MS+mAl+, m=—-LI, A=-Ln
N N N

L=hA= Z C,'E,', 1= Z C,'i,', A= Z C,'X,', Ci = h,/h
i=1 i=1 i=1

@ Ply stresses from compatibility E; = E and equilibrium
SN, ¢;Si = S conditions, and Levin’s formula

N
Si=H;S+ha0 - KiLim
j=1 2
[— 3 1 —_— i 'T i
Hi=LM, K;=g1—cH;, h=I-Hl @=R > dB 4
n=1
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Unidirectional fibrous laminates Local stress fields in plies

Stresses in individual phases

@ Recall phase stresses in the i ply

o}, = B)R;S; + b,/ — ZF’ Lo
n=1
@ Introducing the previous relations into the above equation gives

of = B’R,-(H,-S+h,-A9)+b’A0—

F’ L’u B’R K,LR c/B/ u/
n i
J=1 n=1

o NOTE 1: the product R;S; and the products R; (H;S + h;Af) and
R; zjl\; KjLjzi; have to be augmented by zeros in rows 3,4 and 5
into (6x1) vectors to get correct phase averages ajj as (6x1)
vectors.

o NOTE 2: The above equation can be now used to construct certain
initial failure maps.
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Unidirectional fibrous laminates Initial failure maps

Local stresses in the fiber-matrix interface

@ EXAMPLE 1: uniform transverse tension o3, applied to a
unidirectional lamina of SCS-6/TizAl

Stress [MPa]

Uncoated fibers

Uncoated fibers =
=04

05 ~. -

—,

-G

-,

60.0 90.0

Angle ¢ [deal

120.0

M. Sejnoha (FSv)

150.0

180.C

Stress [MPa]

Coated fibers

Laminated plates

MK2 September 13-15, 2017

18
Coated fibers /"“\\
Carboncoating ,/ = .
/
¢,=0.011 / a2\
11 - AN
=04 /
et AN
Y
~.
03 fF ST
_____ .
===
—
1.0
0.0 30.0 60.0 90.0 120.0 150.0 180.
Angle ¢ [deq]

14 /42



Unidirectional fibrous laminates Initial failure maps

Local stresses in the fiber-matrix interface

@ EXAMPLE 2: uniform out-of plane shear +%, applied to a
unifrectional lamina of SCS-6/TizAl

Stress [MPa]

0.5

0.0

-0.5

Uncoated fibers

Coated fibers

1.5
x
@ ® N 10 ° 2 »
® ® [} e
=04 © Ve ” . © e 2
xd © W . 3
Uncoated fibers e e o8 o “ ¢
@ © g © N
______ = o 00 ks
—_— N = 2 <_
T N ——— H -
[ S S
R S T
— Coated fibers
. Carbon coating
O 1.0
6=0.011
=04
0.0 30.0 60.0 90.0 120.0 150.0 180.C -1A5ﬂ.0 30.0 60.0 90.0 120.0 150.0 180.C
Angle ¢ [deg] Angle ¢ [deq]
M. Sejnoha (FSv) Laminated plates MK2 September 13-15, 2017 15/42



SCS-G/TI3A| 811 = 322 and S11 = 812 planes

o7 = 1000 MPa

s, [MPa]

TENSILE/ SHEAR FAILURE MAPS FOR SCS-6 / Ti Al
WITH UNCOATED FIBERS
AFTER COOLING FROM F.T. @ 950°C TO 21°C
(6"),, = 50 MP=
[0r£45],

(68,6, = =100 MPa,

8, [MPa]

- axialstress G,
— radial stress G
----- = hoop stress &,
shear stress Gm@c
shear stress 6 @a

Laminated plates

TENSILE/ SHEAR FAILURE MAPS FOR SCS-6 / Ti,Al
WITH UNCOATED FIBERS
AFTER COOLING FROM F.T. @ 950°C TO 21°C
ol =1000MPa (o™, =50 MPa (c.6"),, =100 MPa

r Jut .

[0/£45],

w g
% A (-287.3, 95.4)
= (-287 3, -95 4]
N AN Vi

(688, 0) 6745?7 B

'
i~ |
250 500
s, [MPa]

———- axial stress G,
radial stress G

————— hoop stress G,
— shear stress G, @c
— shear stress 6, @a
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SCS-6/Timetal-21: cooling followed by reheating

TENSILE FAILURE MAPS FOR SCS-6 / Timetal -21 TENSILE/SHEAR FAILURE MAPS FOR SCS-6 / Timetal -21S
[0/£45/90], [0r£45/90],
AFTER COOLING FROM F.T. @ 890°C TO 21°C REHEATING FROM F.T. @ 21°C TO 650°C
w=t1000MPa (o), =50 MPa (o, op), =%100 MPz G =1000MPa (o)), =50 MPa (g oin),, = 100 MPa
Local Residual Stresses @ 21°C Local Residual Stresses @ 650°C
swessura) | owmourpy | sasorpy 2. stress [MPa) | ovmoorpy | saserpy 2.
Sy 475 477 Oa o 96 98 oa
% -61 210 o -12 -32
o -233 -239 o -56 -57
[ -86 146 o% 215 -125
500 T -
500 — GHoa
. o
Ao
® N " 450s)
o NG % 250 [~
250 |- N 7 5o (60.5, 60.5)
5 (-169.9,26.7) e . 7 = /'\
" - K
- g 2% s A
o 2t o
b= / lm) 7 1125 569)
Gl /] ® N (-48.4,-217.7),
2] ’../__-——(71699,257) ~,
0 _ (56.5,-112.9)
g
L L
250 500 250 500
8,,[MPa]
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Unidirectional fibrous laminates Discrete layer theory

Layered theory for laminated plates Mau (1973)

Geometry and loading conditions Temperature distribution

X3 My
x H*”a P ] M
N n2
|¢I-1 - elli
= N4 h;
r—— X3 h | M
o e iﬁ o A o
TR MM e, =64 i
@ Ply in-plane stresses in local coordinates
ol =L [(eom>i - Tf;_—An,-] + x5LI (Sn,- - T’bA'n,-)
@ Auxiliary matrices
i i i i
— / / — / / . — . .
TF — m22 m22 7TD — F m11 _m22 ) 77/ - [Anlv A77[71]
0 0 ! 0 0
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Unidirectional fibrous laminates Discrete layer theory

Formulation - kinematics

@ Displacement field with each layer

Ui (x1, X2, x3) = Uj(x1, x2) + xboh(x1, X2)
Up(X1,X2,X3) = Up(x1,X2) — Xz (X1, X2)
ug(x1,x2,x3) = Us(x1,Xx2) i=1,2,...N

@ Constraint (continuity) equations
g = Ut - U - [Pkt ol
9% = U§+1—U§+%[h’+1¢§+1+h’¢§] i=1,2,..N-1

@ Principal of virtual work

N-1
SWint + Y _ [81691 + B26Ga]; = 6 Wext

i=1
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Formulation - equilibrium

@ Work done by internal forces
N
Wit = S / [(Fi6ED, + Fo3ES, + FiadES,, )
i=1 7 °m

+ (Midk1 + Madko + My2dk12) + (Q15Es13 + 025E323)],.d8m
@ Work done by applied load

N N
5W6Xt = Z /;Si Z (FnéUn + f"ns(SUs + Qn5U3 + Mn(5¢s + Mnsé(ﬁn)l_c
i=1

m j=1

h h
+/ [p16u11 <x1,xz,—> + py dup (x1,x2,—>] dSm
31 2 2

m

h h
+/ [piéulll <X1,X2, ) + p3 ou <X1,X2, )} dSm
SN 2 2

m
+ P36 Usd Sy
S
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Unidirectional fibrous laminates Discrete layer theory

Formulation - equilibrium

@ Work done by internal forces upon integration by parts
N
Wine = {/ — (Fi1+ Flop) 0Ui — (Floq + F2o) 0Us| dSp
S { [ [ (o Fla) 08— (s ) o]
"‘/. [— <M1i,2 + M1"2,1> 60} — (—M{2,2 + M£,1> 5%} dSm
S
+ / [~ (G + Q) Us + Qfoch — Qhog}] dSy
S
+ / | FioUs + Fied UL + Miooh + Miso + Qho s dsm}
ask,
@ NOTE: Comparing terms in §Ej,; and 6 Wy multiplied by the same
virtual displacements provides equations of equilibrium for each

layer and natural boundary conditions. For simplified geometries,
these can be solved analytically using Fourier series.
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Unidirectional fibrous laminates Discrete layer theory

Simply supported (0°/90°/0°) rectangular laminate

%34

s

ool o9vg
of é)ooooo b—o—"

@ Thermomechanical properties of Graphite/Epoxy system:
stiffnesses in [GPa], coefficients of thermal expansion in [1076 /°C]

E, Er G, Gr
172.4 6.9 3.5 1.4
VLT vUTT o or
0.25 0.25 0.0198 22.5
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Simply supported (0°/90°/0°) rectangular laminate

@ Temperature and loading via Fourier series

X1
sin

i .. mm
Z Anp,sin
mn

nm X2

T X1 sin nmXxo
- Y pasinsin

@ Displacement field and constraints via Fourier series

; ; mmXy .
U, = Z U; cos sin
mn
. MmmTXq
U = Z U, sin s
mn
; ; . MmTXq
oy = Z ¢}, sin——cos
a
mn
; ; mmXq
1 I
B = Z f4,,,c08 P
mn

M. Sejnoha (FSv)

n7TX2

nmXxo
b

nmXxo ;
e g

nmXo
b )

Laminated plates

By =

mm Xy nmXo
Z Ub sin——cos
mn a b

mmXy . NmXo
quzmncos 2 sin b

X1 nmXxo
Z ﬂzmnsm cos b
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Simply supported (0°/90°/0°) rectangular laminate

@ Comparison with Mindlin’s bending theory and exact Pagano
(1970) solution. Applied uniform pressure p3 = 1 MPa.

0.50 \ 050 -
%
025 025 H ’
— v
w2 c #
interface N o A interface
i
b2
< 000 < 000 A
* * b=a=4h
beasin <
x o
interface - — interface
0.25 025
Mindlin's theory Mindlin's theory
——- Refined theory ——- Refined theory
—-— Exact solution (Pagano 1970) Ny —-— Exact solution (Pagano 1970)
\\\ —/’
-0.50 e -0.50 —
~0.012 ~0.006 0.000 0.006 0.012 ~1.000 ~0.500 0.000 0.500 1.000

Normalized displacement u, Normalized stress S,
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Simply supported (0°/90°/0°) rectangular laminate

@ Comparison with Mindlin’s bending theory and exact Pagano
(1970) solution. Applied uniform pressure p3 = 1 MPa.

xy/h

050 050
—
\‘\‘ %3-
—. 2w
g p NS
ot 3 RN
0.25 0.25 NN
- & NN
interface A interface
\ z T
\\\ ~,
e H Y
000 f | ome S 000 : /I//
P
e
—— interface [N r interface
Mindlin's theory * /
0.25 b 0.25
——- Refined theory Z Mindlin’s theory
—-= Exact solution (Paganc 170) , 4" ——- Refined theory
/ —-— Exact solution (Pagano 1970)
-0.50 = -0.50
0.000 0100 0.200 0.300 0.400 0.000 0.010 0.020 0.030 0.040
Normalized stress S,, Normalized Stress S,,
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Unidirectional fibrous laminates Discrete layer theory

Simply supported (0°/90°/0°) rectangular laminate

@ Applied temperature change: a) Uniform A = 6 = 100°C,
b) Linear A#P = 100°C, Agbetom — 20°C

Displacement u» (a)

05

Displacement U, (b)

0.50
I
!
i
i
; 4
0.25 ‘I /l a=5h @c
interface % intertace — {7, ——- a=10h @c
4 . a=5h @c Z —-— a=50h @c
- “L{ |" === a=toh @c
£ 0 0.00
= L —-— a=50h @c %
/ El
intert — interf .||
interface ", interface }
-0.25 bi20
.
0.50
0.00 0.02 0.04 0.06 0.08 o.10 0.00 0.02 0.04 0.06 0.08 o.10
Normalized displacement u, Normalized displacement u,,
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Unidirectional fibrous laminates Discrete layer theory

Bending-stretching multilayered plate element

@ Modified total potential energy functional M,

N-1
MNm(u, B) = Uit +/ Z (,3i)T 9,dS — Uext
m j—1
@ Internal Energy I

Unt = / Z [ Eo TFA77> A (E9n - TFA?”I)
+ (Sk — FpAn)' D (Sk — TpAn) + (Es)" CES} ds
@ Displacement field
(uy, u > = N1d +X3N1 d¢, uz = N>dy,
@ Strain field
(E%) =Budl, =By}, Ei=Badj+Bedy
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Unidirectional fibrous laminates Discrete layer theory

Bending-stretching multilayered plate element

@ Discrete form of constraint conditions

g G,-Mdg, (dg>T: <<dIu>T (dg)T, (d{,+1)T, (d;+1>T>
@ Matrix M
N 0
m— |0 ’(‘)’ . N=[Ni, Na,...Nn,]
0

0
0

@ Matrix G; = [G1, G2, G3, G4];

0

. 10 . _hina
6 [31) a8 ¥
2
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Unidirectional fibrous laminates Discrete layer theory

Bending-stretching multilayered plate element

Nn(d, 8 Z{ZdTKd dS+/ Z (8)] GiMajdS
Ngy m i=1
N r— pr—
/ > |dLBIATRAn + d}BISTDTpAn| dS
Sm =1 :

/ [dENTp gdgNTp} ds
Sm 1

ya

/ Z (A1, NTE, + LN Ty
aS!

m j—1

d'NTp* hdgNTpﬂ ds— /S dT N"ps dS
N m

+dEVNTQn + dﬂdr)nNTMn + d;sNTMns} I}
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Unidirectional fibrous laminates Discrete layer theory

Bending-stretching multilayered plate element

@ The stationary conditions with respect to nodal parameters d and
Lagrange multipliers 3, i.e. 9MNy/(0d 98) = 0, yields the system
of equilibrium and constraint conditions

Kd+Q'3 = R
Qd =0
@ Single layered element k

al — <<d1u)T, (@) () () () () dEV>

k 0 0
T . u
5 S8 R [ g g

g g 0 kyp ks |,
@ NOTE: Reduced integration is used for submatrices associated

with out-of-plane shear to avoid shear locking
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Bending-stretching multilayered plate element

@ Example of three-layered plate element

[ k) 0 0 0 0 0 0 g9, 0]
0 ki+kiy 0 0 0 0 kl, g, ©
0 0 K2 0 0 0 0 9 9
0 0 0 ki+ki 0 0 K% 9y G
0 0 0 0 K3 0 0 0 95
0 0 . 0 0 . 0 kf’,+k§1 K, 0 9
0 (k) 0o (kk) 0 (k) Tiike 0 0
(@) () (&) (@) o o 0o 00
Lo o (@) (@) (@) (@) o oo

] Matrixﬁ': ) T
! g}:/ NT(G;) ds, j=1,2,...4
Sm
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EXAMPLE 1: (0°/90°/0°) rectangular laminate

@ Convergence of Uz due to p3 = 1 MPa.

0.038

0.036 Exact solution - Pagano (1970)
-
E
g
§ 0.03
g "
g FEM solution
2 o
2 S
=
2 oox .
H —
E bf2
s
z

0.030

bea=4n
-
0.028
0.0 9.0 180 270 36.0

number of elements

@ Normalized quantities
o 1
(S11, S22, S12) = @(311,322,312)
ETU

_ a
(8137823) u= p3h537 S = E

o 1
(S13,S23) = 255
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EXAMPLE 1: (0°/90°/0°) rectangular laminate

@ Comparison with exact Pagano (1970) solution. Applied uniform
pressure p3 = 1 MPa. Each lamina subdivided into 3 additional
plies.

Displacement Uy

Stress Si4

‘\\\\‘ =
X
0.25 T 025 ki ’
bz c ~
interface N o A interface
i
b2
§ 0.00 3 ooof [T -
beazdn
= <

. interface —— interface

-0.25 -0.25
Mindlin's theory Mindlin's theory
——- Refined theory [ ——- Refined theory
—-— Exact solution (Pagano 1970) N —-— Exact solution (Pagano 1970)
‘\~ —/’
-0.50 = -0.50 —
-0.012 -0.006 0.000 0.006 0.012 -1.000 -0.500 0.000 0.500 1.000
Normalized displacement u, Normalized stress S,
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EXAMPLE 1: (0°/90°/0°) rectangular laminate

@ Comparison with exact Pagano (1970) solution. Applied uniform
pressure ps = 1 MPa. Each lamina subdivided into 3 additional

plies.
Stress Sy3 Stress Sos3
0.50 0.50
7 N —— FEM solution
—— FEMsolution R\ ——- Pagano (1970)
——- Pagano (1970) N
0.25 0.25 \\
A interface
% emme
ki . o
f 0.00 f,, 0.00 fte i )]
"/
[ nrevem— = interface
0.25 Fra /
/
4
/
/
-
—0.500.00 0.25 0.50 0.75 ‘uls%.w o.10 0.20 0.30 0.40 0.50

Normalized shear stress S,
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Normalized shear stress S,
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Unidirectional fibrous laminates Discrete layer theory

EXAMPLE 2: Application to the analysis of lap-joints

@ Tensile failure of adhesively bonded composite laminates

@ Graphite-Epoxy [0]y laminate subjected to uniform shear

@ Interface element used to represent zero-thickness adhesive
@ The effect of overlap length, d/h and L/d ratio examined

@ Geometry and loading conditions of typical lap-joint

X;4 d

H composite

hI
i N
1
epoxy adhesive
<=

aluminum alloy

4

>
e

3
1%t
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Unidirectional fibrous laminates Discrete layer theory

EXAMPLE 2: Application to the analysis of lap-joints

@ Influence of d/h ratio

Tensile tress Sqy,p = 2F/d Tensile stress Sy

25 25
X3 d
N F
Vyooh L Etil conposie
20 Al
H ol x
i . '
% [} A
1 \ e ‘epoxy adhesive
15 H A aaminum alloy
’ HEA [
o [ N
o [N
" !
’ !
0.5
0.0
15.0 0.0 3.0 6.0 9.0 12.0 15.0
x,/h
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EXAMPLE 2: Application to the analysis of lap-joints

@ Influence of adherent thickness and L/ h ratio.
Overlap length d = 5h

Shear tress Si3,H=h Shear stress Sy3, H = h/2

2.0 11.0
100 L/d = 0.00
8.0 =0
%0 ---- Ld=0.25
% ——- L/d =050
z 0 v 80 —— LW =075
o -
H S
@ w 7.0
$ 60 E
i Y
5
2 2
@ 50 @ 50
L it -——- Lid=025 40
40 ——- Ld=050
30
—-— Ld=0.75
3.0 20
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/h x/h
o
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EXAMPLE 3: Initial failure maps due to bending

@ Evaluation of maximum stresses at fiber matrix interface

@ Simple multi-scale analysis combining FEM and the Mori-Tanaka
method (Linearly varying play stresses replaced by
through-thickness averages)

@ Geometry, loading and support conditions
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EXAMPLE 3: Initial failure maps due to bending

@ Example: distribution of maximum interface stress over the
mid-plane of [0]g SCS6 / Timetal laminated plate

— = = — 1 a
(Uzz, Orry, 066, Urz) = T(Uza Trry 060, Urz)v S=1%
S2p3 h

Interface tensile stress o, Interface shear stress &,
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Unidirectional fibrous laminates Deterministic optimization of laminated plates

Eigenstrains as control variables

@ Objective: derive optimal distribution of through thickness fiber
pre-stress to minimize in-plane stresses of the laminate

@ Objective functional

22/ (sh) "sav=] Z/ o1 [ES (). ®(w). u] dS
@ Stationary condition

N —/

B
T
<5(ﬁ’}n)T5<P,-T+8<E?"),- Qo] . OF) 5¢,>d3

O Ofim  Ofm  0(ES)  OHm 0%
I
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Deterministic optimization of laminated plates
EXAMPLE 1: Optimization of two-layer beam structure

@ Objective function
2 2
o=otew.mF = [ (F+F) v
4

@ Stationary solution
d¢ _ 0¢  0¢ Oe 0 F(1 E2>

duz  Opa | OeOpp "2 = Eh

125

¥ pleTop]
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EXAMPLE 2: three-pl

y[

0]3 laminate loaded in shear

case/ply [ 907 90” o7 & | o7
1 11 0 0 p11_ || 0.567 ] 0.889
2 Moo 0 0 Hoo 0.626 | 0.945
3 #11, o2 [ [ pi1, pioo | 0.559 [ 0.846
4 o 11 P11 o 0.451 | 0682
5 [ p22 22 9 0.662 | 1.001
6 0 11, o2 | 11, o2 o 0.441| 0667
X3
L]
: !
90 h
* a0 -
0
_———=s==
a=sh
0.50
0.25
—— before optimization
£ —_—
I~ 0.00 case 3
—— case §
-0.25
-0.50,
-0.02 o 0.02 0.04 0.06 0.08 041

ejnoha (FSv)
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Potential applications Layered plate theory

Potential applications and current research effort

@ Modeling of delamination of laminated plates using FETI method

@ Modeling of laminated glass beams and plates
o Typically a three-layer laminate consisting of two glass panes
bonded by polymeric interface
o Simplified models based on effective thickness and
through-thickness homogenized properties typically do not work —
calls for layered plate theory
e Analysis highly dependent on the formulation of constitutive model
of interface layer - Maxvell chain model
@ Both small-scale (at the level of material constituents) as well full
scale (at the level of laminate) experiments are needed to tune the
properties of the Maxwell model
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